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One-dimensional Schro¨dinger operator with polynomial poten-
tials of degree 3 and 4 appears in many areas of mathematical
physics (see e.g. [1]–[3]). In this paper we point out an connec-
tion between eigenfunctions of such operator and eigenfunctions
of commuting ordinary differential operators of rank two (rank
two Baker–Akhiezer function).
We recall that if differential operators Ln =
∑n
i=0 ui(x)∂
i
x
and Lm =
∑m
j=0 vj(x)∂
j
x commute, then by Burchnall–Chaundy
lemma [4] there exist a non-zero polynomial R(z, w) such that
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R(Ln, Lm) = 0. The polynomial R(z, w) defines the spectral
curve Γ = {(z, w) ∈ C : R(z, w) = 0}. If ψ is an eigenfunc-
tion Lnψ = zψ, Lmψ = wψ, then P = (z, w) ∈ Γ. The rank of
the pair Ln, Lm is l = dim{ψ : Lnψ = zψ, Lmψ = wψ}, where
(z, w) is a general point in Γ. In the case of operators of rank
1 eigenfunctions are expressed via theta-function of the Jacobi
variety of Γ (see [5]). At l > 1 eigenfunctions correspond to the
spectral data (see [6]) S = {Γ, q, k−1, γ1, ..., γlg, β1, ..., βlg}, where
Γ is a Riemann surface of genus g, q ∈ Γ is a marked point
with a local parameter k−1, γ1, ..., γlg ∈ Γ is a set of points and
βj = (βj,1, ..., βj,l−1) is a set of vectors. Baker–Akhiezer func-
tion of rank l ψ(x, P ) = (ψ1, ..., ψl), P ∈ Γ is a function which
satisfies the conditions:
1. On Γ \ {q} function ψ has poles in γi and
resγi ψj(x, P ) = βi,j resγi ψl(x, P ).
2. In the neighbourhood of q the function ψ(x, P ) has the form
ψ(x, P ) =
( ∞∑
i=0
ξi(x)k
−i
j
)
Ψ(x, k),
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where Ψ(x, P ) is a solution of the equation Ψx = AΨ,
A =


0 1 0 ... 0 0
0 0 1 ... 0 0
... ... ... ... ... ...
0 0 0 ... 0 1
k + ω1(x) ω2(x) ω3(x) ... ωl−1(x) 0


,
ωj(x) are functional parameters. For the spectral data in gen-
eral position there is a unique Baker–Akhiezer function. Here-
with for a meromorphic function f(P ) on Γ with the pole in
q of order n there is a unique operator Lf of order ln such
that Lfψ = f(P )ψ. For such meromorphic functions f and
g operators Lf and Lg commute. At l > 1 Baker–Akhiezer
function can not be found explicitly. Nevertheless the opera-
tors themselves can be found in some cases. The operators of
ranks two and three in the case of elliptic spectral curves were
found in [6], [7]. A new method of finding rank two operators
corresponding to hyperelliptic spectral curves were suggested
in [8] (see also [9]–[12]). In particular, in [8] it is proved that
L4 = (∂
2
x + α3x
3 + α2x
2 + α1x + α0)
2 + α3g(g + 1)x commutes
with L4g+2. Operators L4, L4g+2 define commutative subalgebra
in the first Weyl algebra. At g = 1 these operators firstly ap-
peared in [13]. It is turn out that there is a relation between
eigenfunctions of L4 at g = 2, 4 and functions from the kernel
3
of L2 = ∂
2
x + α3x
3 + α2x
2 + α1x + α0. Let ϕ be a solution of
L2ϕ = 0.
Theorem 1 1. Let g = 2, z be a solution of the equation
z2 + 4α2z + 12α1α3 = 0.
Then L4ψ = zψ, where ψ = pϕ, p(x) = 6α3x+ z + 4α2.
2. Let g = 4, z be a solution of the equation
z3 + 20α2z
2 + 16(4α22 + 13α1α3)z + 320α3(7α0α3 + 2α1α2) = 0.
Then L4ψ = zψ, where ψ = pϕ, p(x) = 280α
2
3x
2 + 20α3(z +
16α2)x+ z
2 + 20α2z + 64α
2
2 + 168α1α3.
Let l4 = p
−1L4p, l4g+2 = p
−1L4g+2p (the function p(x) is pointed
out in Theorem 1).
Corollary 1 At g = 2, 4 operators l4, l4g+2, L2 form a commu-
tative ring modulo L2, i.e.
[l4, L2] = B1L2, [l4g+2, L2] = B2L2,
where B1, B2 are some operators.
Using [8] one can show that for α33 − 4α2α3α4 + 8α1α
2
4 = 0 the
operator
La4 = (∂
2
x+α4x
4+α3x
3+α2x
2+α1x+α0)
2+2g(g+1)x(α3+2α4x)
4
commutes with an operator of order 4g + 2 (in a partial case it
was observed by V. Oganesyan [14]). Let ϕ be a solution of the
equation (∂2x + α4x
4 + α3x
3 + α2x
2 + α1x+ α0)ϕ = 0.
Theorem 2 1. Let g = 1, z = α
2
3
α4
−4α2. Then L
a
4ψ = zψ, where
ψ = pϕ, p(x) = 4α4x+ α3.
2. Let g = 2, z be a solution of the equation
z2 −
(
3α23
α4
− 16α2
)
z + 24α1α3 + 192α0α4 = 0.
Then La4ψ = zψ, where ψ = pϕ, p(x) = 24α
2
4x
2 + 12α3α4x −
3α23 + α4(z + 16α2).
The operator Lb4 = (∂
2
x + α1e
x + α0)
2 + α1g(g + 1)e
x commutes
with an operator of order 4g + 2 [12]. Let us denote by ϕ a
solution of the equation
(
∂2x + α1e
x + α0 +
1
4(g + ε)
2
)
ϕ = 0.
Theorem 3 1. Let ε = 0, then Lb4ψ = −
1
4g
2(4α0 + g
2)ψ, where
ψ = pϕ, p(x) = egx/2.
2. Let ε = 1, then Lb4ψ = −
1
4
(g + 1)2(4α0 + (g + 1)
2)ψ, where
ψ = pϕ, p(x) = e−(g+1)x/2.
Remark 1 Solutions of the equation (∂2x +α1e
x +α0)ϕ = 0 are
expressed via Bessel function, namely the change of the variable
x = ln
(
y2
4α1
)
reduces this equation to (y2∂2y+y∂y+(y
2+4α0))ϕ =
0.
5
The authors are grateful to B.A. Dubrovin for valuable dis-
cussions.
References
[1] Masoero D. // J. Phys. A: Math. Theor. 2010. V. 43.
P. 1–28.
[2] Chudnovsky D., Chudnovsky G. // Acta Applicandae
Mathematicae 1994. V. 279. P. 167–185.
[3] Dorey P., Tateo R. // Nucl. Phys. 1999. V. B563. P.
573–602.
[4] Burchnall J.L., Chaundy T.W. // Proc. London Math.
Soc. Ser. 2 1923. V.21. P. 420–440.
[5] Krichever I.M. // Functional Anal. Appl. 1977. V. 11.
N. 1. P. 12–26.
[6] Krichever I.M., Novikov S.P. // Russian Math. Surveys
1980. V.35. N. 6. P. 47–68.
[7] Mokhov O.I. // Mathematics of the USSR-Izvestiya.
1990. V. 35. N. 3. P. 629–655.
[8] Mironov A.E. // Invent math 2014. V.197. N.2. P. 417–
431.
6
[9] Mironov A.E. // Amer. Math. Soc. Transl. Ser. 2. 2014.
V. 234. 309–322.
[10] Mironov A.E. // Proceedings of 6th European Congress
of Mathematics. 2013. P. 459–473.
[11] Mironov A.E. // Funct. Anal. Appl. 2005. V. 39. N. 3.
P. 240–243.
[12] Dabletshina V.N. // Siberian Electronic Math. Reports.
2013. V. 10. P. 109–112.
[13] Dixmier J. // Bull. Soc. Math. France 1968. V.96.
P.209–242.
[14] Oganesyan V. // arXiv:1409.4058.
7
